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TARO SANO 



Abstract. We provide an explicit formula for Seshadri constants of any po- 
larizations on rational surfaces X such that dim [— Kx | > 1. As an application, 
we discuss relationship between singularities of log del Pezzo surfaces and Se- 
shadri constants of their anticanonical divisors. We also give some remarks on 
higher order embeddings of del Pezzo surfaces. 



1. INTRODUCTION 

We consider projective varieties over an algebraically closed field K throughout 
this note. 

The following criterion for ampleness is called Seshadri's criterion ( [12] Theorem 
1.4.13.). 

Fact 1.1. Let X be a projective variety and L a line bundle on X . Then L is ample 
if and only if there exists a positive number e > such that 



multa;(C) 

for every point id and every irreducible curve C C X passing through x. 

This criterion leads us to define the following invariants for ample line bundles 
which are called Seshadri constants. 

Definition 1.2. Let X be a projective variety, L be an ample line bundle on X 
and take x G X. We define the Seshadri constant of L at x to be 

( L ■ C 1 

e(L, x) := inf < — -; C C X is a reduced irreducible curve through x > . 

x£C [ mult^C) J 

Remark 1.3. It is well-known that e(L, x) = max{s G R; fJ- x (L) — sE x is nef} where 
fi x : X{x) — > X is the blow-up at x and E x :— n~ (x) is the exceptional divisor . 

Remark 1.4. We have e(kL,x) = fce(L,x)(Vfc G Z>o). Since e(L,x) depends only 
on the numerical class of L, we can define e(L, x) for a nef R-divisor L. 

Remark 1.5. Put e m i n (i) := inf x gx e(L,a;), then e min (L) > by Proposition ll.il 
Let €l be the Seshadri function for L 

e L : X -> R;x i-> e(L,x). 

Then, 6l takes constant value at a very general point x. We write this value e gen (i)- 

Seshadri constants are called local positivity of ample line bundles on projective 
varieties. It was defined by Demailly [7] in the beginning of 90's in order to study 
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generation of jets of line bundles. For example, Seshadri constants measure fc-jet 
ampleness of ample line bundles. See the last section for detail. 

Unfortunately, Seshadri constants are hard to compute, even for surfaces. There 
are many papers on explicit computations of Seshadri constants, for example, [TJ 
[2j [3l |4] 13 [9] . In this note, we give an explicit formula for Seshadri constants on 
rational surfaces X with dim | — Kx | > 1 (Theorem ll.6j) . 

Seshadri constants sometimes have interesting geometric consequences. Naka- 
maye [T3] established the fascinating result about Seshadri constants on abelian 
varieties which asserts that, if an abelian variety X posseses an ample line bundle 
L whose Seshadri constant is 1, then this abelian variety splits into a product of an 
elliptic curve and a (dimX — l)-dimensional abelian variety. 

We try to get such a result in the case of log del Pezzo surfaces. As an applica- 
tion of our explicit formula, we get a consequence by which we can get information 
of singularities of log del Pezzo surfaces through Seshadri constants of their anti- 
canonical divisors. Here, log del Pezzo surfaces are normal projective surfaces with 
only quotient singularities with ample anticanonical bundles. 

1.1. The statement of the explicit formula. First, we give an explicit formula 
for Seshadri constants of arbitrary ample line bundles on rational surfaces X such 
that dim | — Kx\ > 1- Since X is a rational surface, there is a composition of 
one-point blow-ups 

X = X r j r \ — ► X r — ► • • • — ► X2 — y X\ = F n 

for some integers r,n £ Z>o- Here wc put Fo := P 2 and F„ is the n-th hirzebruch 
surface. We treat three cases. 

(1) n = 0, 1, i.e. X is a blow-up of P 2 . 

(2) n > 2 and r > n — 1. 

(3) n > 2 and r < n - 2. 

In this subsection, we state the formula in the case (1). The case (2) reduces to 
the case (1) and the case (3) is easy. We explain this in Section [3~3l 
Let n : X — > P 2 be a composition of blow-ups 

(1) fi : X = X r+1 ^ X r -> ■ ■ ■ ^> X 1 = P 2 

where /ii : Xi + \ — > Xi is the blow-up at £ J,. Now, we assume that 

h°(X,~K x )>2. 

This is satisfied if r < 8 or if X is a rational elliptic surface with a section, for 
example. Note that | — K^^ \ ^ 0. Let 

r 

L:=v*O r 2{a)-J2 b i E i 

i=l 

be an ample divisor on X where Ei := v^ 1 (xi)(i = 1, . . . , r) are the exceptional 
divisors and Vi := fao- ■ -o// r . We assume that L is primitive, i.e. there is no integer 
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c > 2 such that c\a, c\bi, . . . , c\b r . For s G Z>o, put 

r s s 

$ s := ^ («;&,...,&) G Z s+1 ; a 2 - = -1, 3a - J^ft = 1,(3 S > 1 



i=l 



i=l i=l 



*s :-<j(a;/3 1 ,..., / 3 s )eZ s+1 ; a 2 -^/3 2 = -2,3a-^/3 l =0,/3 s >l 

Put 

Z := 



{xeX;3C e \-K x \,C: irreducible, Sing(C) = {x}} (r = 8, 9) 
(otherwise) 

and, for (a; (3) = (a; 0x, . . . , (3 r+ i) G *- r +i, put 



°x(x)( a >Pi> ■ ■ -iPr+i) ■= V* x {v*Or 2 (a) -^PiEi) - (3 r +iE x , 
' [x G X;O xix) (a; ft, . . . , /? r+1 )|e * O e (V6 G | - % (a[) |)} (A-+1 > 2) 



A(a;/3) := < £(a; &,...,#.) G |M*Op*(a) - Ej=i 



/ Pr+l = 1, 

I 3E(a; fl) : irreducible, 
(otherwise) 



Put 



'Jr+l 



\ 



8=1 

Here is the explicit formula for e(L,x). 

Theorem 1.6. There are positive numbers M-£,N-g which are determined by a 
(See Remark \3.5\ for the definition of M-$,N-g) such that; 

(1) Ifr = 8,9 and YJZl £ < 3 > </lerl 

Jmin{A M _ r ("a),Sjv 7 ,.x("a),C' a ,("a),3a-X]i=i & i} fa ^ z ) 
[m.m{A Mlt (a), } (x G Z) 

(2) If r = 8, 9 and ^[=i ^ > 3 . f/lCTl 



e{X,:r) = 
(3) Otherwise, 



mm{B N ^^(~a),C' x (~a),3a- Y^=i b i} ( x & z ) 
S 

2 



3a " E -' b ' (z G Z) 



e(L,x) = ram{A Mlt ( a ),B N ^ >X ( a ),C X { a )}. 
For M > 0, we put 

A M {a):= mm , 

(a;/3)e$ r+ i,a<M Pr+l 



Bm,x( a ) := min 



(a ; ,9)e*r + i(s),a<M /3 r+i 
r 

C x (a) := min as- > /5^6i 
(a^erM*) f-f 
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where 

* r+ i(x) := {{a; 13) G $> r +i]X G A (ct;/3) }, 

r 

»=i 

x G C : (—m)-curve(rn > 2)}.D 

Remark 1.7. Note that, for M > 0, we can see that 3 > r +i(M) := {(a;/3) € 
$r+i;a < M} and * r+1 (x,M) := {(a;/?) G * r+ i(a;);a < M} are finite sets. n r (x) 
is also a finite set because C := (^^T 1 )*(C) is a fixed component of | — K X ,A. So 
we can compute each minimum theoretically, at least. 

Remark 1.8. Let W s be the subgroup of Aut(Z s+1 ) generated by the elements 

(x; 2/1, ■ ..,l/ 8 ) i-> (a;;j/o-(i), . • . ,y a (s))(^ € 5 S = the s-th symmetric group), 

fa 2/i, ■ ■ ■ , Vs) !-> (2a; - 2/i - 2/2 - 2/3! a; - 2/2 - 2/3, a; - 2/1 - 2/3, x - 2/1 - 2/2, 2/4, ■ ■ ■ , 2/s)- 
Then we have 

$ s = {(a; A,..., &) G W s (0;-1,0,...,0);& > 1}, 
tf a = {(a; /?!,..., /3 S ) G PF s (0; -1, 1, 0, 0); S > 1} . 

1.2. The consequence of the formula. The following is the consequence of The- 
orem 11.61 

Theorem 1.9. (1) Let X be a log del Pezzo surface such that K\ — 9. Then, 
the following are equivalent; 

(a) e gen (-K x ) = 3. 

(b) X ~ P 2 . 

(2) Let X be a log del Pezzo surface such that K\ — 4,5,6,7,8. Then, the 
following are equivalent; 

(a) e gcn {-K x ) = 2. 

(b) X has only canonical singularities or X ~ Z{k\, . . . , k m ) where (ki, . . . , k m ) = 
(1, 1, 1, 1, 1), (2, 1, 1, 1), (3, 1, 1), (2, 2, 1), (3, 2), (4, 1), or(5). See Section 
\4\f or the definition. 

We also give some remark on higher order embeddings of del Pezzo surfaces in 
Section El 

Acknowledgment. The author is grateful to his advisor Professor Yujiro Kawa- 
mata for his warm encouragement and valuable comments. The author would like 
to thank Professor Sandra Di Rocco for valuable suggestions on Section [5l The 
author is supported by the Global COE program of the University of Tokyo. 

2. NOTATIONS 

Let A be a smooth projective surface. Put N 1 (X) := (Pic(A) ®z R) / = where 
= means numerical equivalence. Let NE(X) C N 1 (X) be the closure of the convex 
cone generated by classes of effective curves and Nef(A) C N 1 (X) be the convex 
cone generated by classes of nef divisors. For D G PicX, let [D] G N 1 (X) be its 
numerical class. D G Pic(X) is called (— m)-class if D 2 = — m, Kx • D = m — 2 
where Kx is the canonical divisor of X . (— m)-class D is called (—m)-cycle (resp. 
(— m)- curve) if it is represented by an effective divisor (resp. an irreducible divisor). 



U r (x) :={(a;/?i,..., (3 r )eZ r+1 ;3C£ 
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3. PROOF OF THE FORMULA 

3.1. Preparation. First, the following fact about the effective cones of anticanon- 
ical rational surfaces is fundamental for us. 

Fact 3.1. |llj Let X be an anticanonical rational surface, i.e. \ — Kx\ 7^ 0- Then, 
NE(X) = M> [-Kx] + R >° ■ 

CdX '.irreducible curve, 
C 2 <0 

The next proposition reveals the type of negative curves on anticanonical rational 
surfaces. 

Lemma 3.2. Let X be an anticanonical rational surface and C C X be an irre- 
ducible curve such that C 2 < 0. Then C is a {—l)-curve, a (—2)-curve or a fixed 
component of \ — Kx \ 

Proof. Suppose C is not a fixed component of | — Kx\- Then, —Kx • C > and so 
2p a {C) - 2 = (K x + C) ■ C < C 2 < where p a (C) is the arithmetic genus of C. 
Therefore we get C ~ P 1 and C 2 = -1, -2. □ 

Let X be an anticanonical rational surface. By Fact 13.11 and Lemma T3.21 since 
(— l)-class is always effective, we have 

(2) Nef(X) = p_* x n p| p E \nl pi p E \nl f] p e 

\B:(-l)-class / \B:(-2)-cyclo / \BcFix \-K x | 

where, for D S PicX, we put P D := {a G ^(X); [D] ■ a > 0} and Fix | - K x \ is 
the fixed part of | — Kx | • 

Recall that e(L,x) = max{s G R; n%L — sE x : nef}. By the equality J2]), there 
exists D' G PicX(x) such that ((J,%L — t(L,x)E x ) D' = where D' is a (-l)-class, 
a (— 2)-cycle or a fixed component of | — Kx\- 

Therefore we have 

(3) e(L,x) = min{A(L),B x (L),C' x (L),-K x ■ L} 
where 

A(L) := inf (^-^;/3 r+ i G Z>x,H* x D - f3 r+1 E x : (-l)-classj , 

I Pr+l J 

B X (L) := inf{— ;(3 r +i € Z>i,/i*£> - (3 r+1 E x : (— 2)-class, x G A Dj/Sr+1 }, 

Pr+l 

C' X (L) := min{L ■ D;x <E D,D = {^ X %D C Fix | - K x(x) \) 

where, for D G PicX and /3 r +i > 1 such that — /Jr+i^ is a (— 2)-class, we 
put 



'{xG^^D-^+r^le^OeCVOGl-^^l)} (/3 r+1 > 2) 
E D e\D\ { ^ 1 = 1 ' ' 

\ 3_Ed : irreducible , 
(otherwise) 
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We can use B X {L) because, for D e PicX and /3 r +i > 2 such that the linear 
system \fi* x D — (3 r+ iE x \ contains a (— 2)-curve, we can see that ([i x D — fl r+ iE x )\® ~ 

Definition 3.3. We say that D' £ PicX(x) is L-computing if {[i* x L — e(L,x)E x ) ■ 
D' = and D' ■ E x > 1. 

We say that D' € PicX(x) is L- candidate (resp. L- exceptional) if ^/i*L — \f~L? i E x 
D' < (resp. < 0) and D' ■ E x > 1. 

Note that L-computing class is L-candidate because e(L,x) < \fT?. Therefore, 
for a fixed L, it is enough to consider the L-candidate classes. In general, there are 
infinitely many (— l)-classes or (— 2)-classes on X(x). But, Lemma [3~4l shows that it 
is enough for computing e(L,x) to consider finitely many L-candidate (— l)-classes 
and (— 2)-classes. 

3.2. The case when X is a blow-up of P 2 . Let X be a blown-up P 2 as in Section 
1.1.. For (a; ft, ... , r+1 ) G Z r + 2 , put 

0(a; /3 r+ i) :=fi* x (p*Op{a) -J^PtEkj - {3 r +iE x . 

Lemma 3.4. (1) IfJ2l=x if 3 and 0(a; j3\, /3 r +i) « s a L-candidate (— 1)- 
class, then a < AL^ where M-g is the number defined in Remark \3.5\ 

(2) //X)i=i if = ^ and 0(a;(3i, . . . , (3 r +i) is a L- exceptional (—l)-class, then 
ol < Af-j where M-g is the number defined in Remark \3.5\ 

(3) If Si=i ~ 7^ 3 mc? /3i, . . . , is a L-candidate (—2)-class, then 
a < iV-^> where N-g is the number defined in Remark 1 3. 5\ 

(4) IfY^l=i if ~ 3 and C(a;/3i, . . . ,/3 r +i) «s a L-exceptional (—2)-class, then 
a < iV-^ where N-g is the number defined in Remark \3.5\ 



Remark 3.5. M-g > is defined as follows; 

(1) If r < 7, then M-g = 6. 

(2) If r = 8, 9 and — < 3, then M-^- is the unique positive number such 
that 



M^ + 3+yJ(r-8)M^ + 6M-g+r _ r+i^ 

(3) If r > 10 and if > 3, then M-g is the unique positive number such 

that 



^(r-8)A£| + 6A% + r-M- - 3 _ ^ 6i 



Mi* + 1 ^ a 

a i=l 



(4) If ^ = 3, then M-^» is the unique positive number such that 



M-g +l + M-f = a. 



N-g > is defined as follows; 
(1) If r < 7, then N-g = 6. 
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(2) If r > 8 and Y^i=i ^ < 3, then N-^ is the unique positive number such 
that 



6+^2(r-8)iV|> + 4(r + l) _ ^+1 ^ 



(3) If r > 9 and J2l=i it > ^ t ncn i s the unique positive number such 
that 



^2(r-8)i\%+4(r + l)-6_H^. 

7Vl> + 2 - „ 3 ' 



(4) If X^=i ^ = 3, then iV-^ is the unique positive number such that 

^ 2 + 2 + 



= a. 



Proof. If r < 7, this lemma is trivial, because there are only finitely many (— 1)- 

classes or (— 2)-classes on X(x). So we assume r > 8. 

Let us prepare notations first. For (a; /3) = (a; f3i, . . . , (3 r +i) G R r+2 , put 



S =1 — sin,. , . . - -, • - ' - ,,-> 

Ne S(a;/3) 



= {( Vl , . . . , y r+1 ) G M r+1 ; 2/f + ■ ■ ■ + ^ +1 = 1}, 
= {(yi,...,y r +i) eK r+1 ;/3ij/i + --- + /3 r+ iy r+ i >a}, 
= {{yi, ■ ■ ■ ,2/r+i) e M r+1 ;/3iyi H h /3 r +i?/r+i = a}, 



£(a;/3) : — S=i £f( a;/3 ),P a :— [^—[, ■■■■> g a _ ^ - ^(a;/3) H (M • (I, . . . , I)). 

For (a;/?) G 3> r +i, let ^(a ; /3) C M r+1 be the line which passes through O := 
(0, ... ,0) G W +1 and satisfies l {a . p) _L H( a . 0) . Put (a , p) := -q^-(^i, ■ • ■ ,/3 r +i) = 
l(a;ff)^H( a .(iy Let i^.^) be the line through P a and 0( a;i g). Note that £( a;/ 3) -L '( a .m- 
LetPi(a;/3),P 2 (a;/3) G W +1 be points such that I'.nS^! = {P 1 (a;P),P 2 (a;0)} 
where Pi (a;/?) G Neg (3 . 1) ... il ) and P 2 (a;/3) <^ Neg (3;lj 1} . 

(1) Now X^I=i ^f- 7^ 3 and let 0(a;/3i, . . . ,/3 r +i) be an L-candidate class. Then 

aa - YJitl Pih > 0. Put P(a; b) := . . . , ^-) G K r+1 . For zi, z 2 G R r+1 , let 
d(zi,z 2 ) be the distance between zi and z 2 . By elementary computations, we can 
see that 

a + 3 a 
di := d(0 (a;/ ,), %;!,...,!)) = vfTT(a2 + 1) ^2 := d(0,0 (a;/J) ) - ^2^, 

d 3 := d(0 (a;/J) , P(a; /?)) = ^== (i = L 2), d 4 := d(0, P Q ) = 

Va 2 + 1 3a - I 

a /(r - 8)a 2 +6a + r 
d 5 := d(0 (a!/)) ,P a ) = — x . 

(Case I) If J2l=i h -t < 3, then 



,, , . . d 5 a + 3 + v /(r-8)a 2 + 6a + r 

d(P 2 (a;/3 ,%;!,...,!) = d 3 • — + di A— -r, . ■ 

«4 vr + l(a 2 + l) 
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So, if a > M-g, then 

d(P 2 (a; (3), ff( 3; i,...,i)) < d(P(a; b), // , ;l ,.; = 3 ~ ° 

and P(o;6) ^ Neg (ct;/3) . 
(Case 2) If ^ > 3, then 



jfv t a\ tt \ a d5 a V(r - 8)a 2 + 6a + r-a-3 

d(Pl(a;/3),-ff(3;l,...,l)) = d 3" X ~ dl = r=TT7 2 I ^ ' 

So, if a > M-^, then d{Pi{a; (3), H {a . p) ) < d(P(a; b), iZ^i,...,!)) and P(a;6) ^ 
N eg (Q;/3) . 

(2) If 2[=i ^ — 3, then P(a; b) £ Negr a;/3 \ and moreover P(a; b) lies between 
H (a . 0) and H {V ^ TI . f3) because i^^-ji+r.^ n ^=1 = ivS'+T^ 1 ' ' ' ' >Pr+i)}- So we 
have 

< d(P(a;b),H (a:fj) ) < d{H {a .p ) ,H [V ^ Tlfj) ) = == 

And we have d(P(a; 6), g (a;j9) ) = IEr fffi;~ aa| > because 6, e Z(Vt)- 

Therefore Va 2 + 1 + a < a and we get the result. 
(3), (4) are analogous to (1),(2). 

□ 

Remark 3.6. Note that, in the case r = 8, 9 and YZ + } — > 3, we can see that 
A(L) > —Kx ■ L. So we don't need to define M-g in this case. Note also that, when 
X)i=i ~£ = 3, either — if , , or some L-exceptional class at x is L-computing at x. 

Proof of Theorem ] l.b\ It is easy to see that D' C Fix | — K^,^\ such that /j, x (D') 
is not (— m)-curve, then fi x (D') £ | — Kx\ is irreducible and mvit x (fj, x (D')) = 2 
and this happens only if X is the blow-up of P 2 and r = 8, 9. 

By this fact, the equality Q, Lemma l3~4l and Remark l3.6| we get Theorem 
01 □ 



3.3. The case when X is a blow-up of F n . Let n > 2 be an integer and 
/i : X — > F„ be a composition of blow-ups 

(4) fx: X = X r+l ^X r ^---^X x =¥ n 

where /x* : Xi+i — ► X, is a blow-up at 2;$ € Xi. Assume dim | — Kx\ > 1 as before. 
Put Vi := /ij o • • • o fi r and Ei := (xj). Let L be an ample line bundle on X as 



L = fi*0 Wn (ah + bf)-J2^Ei 



where h is the class of the minimal section of F„ and / is the fiber class. 

First, consider the case r > n — 1. Recall the equality Since (— l)-classes 
are always effective, A(L) can be computed by taking X such that X n — > X\ is 
a blow-up at x\, . . . , x n —\ £ F n which are not on the negative setion and are on 
distinct fibers fx, ... , f n -i respectively, and such that X has a birational morphism 

// : X = X' r+2 — * X' r+ i — > ■ • • -+ X[ = P 2 
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where : X' i+1 — ► X[ is the blow-up at x\ G X[ and fi2°- ■ -°/i n : -^n = -^n+i ~~ * -^2 
is the blow-up at distinct (n — l)-points on E[. Put -E^ := (jj^ o • • • o /ij, +1 ) _1 (a^). 
jU*/, . . . ,E r can be written by /i'*0 P 2(l), . . . , E£ , 1 as follows; 

n 

fJ ,*h = E' 1 -Y, K M*/ = ^Op»(1) ~ ^i, 

£a = m'*0 P 2(1) -E[-E' 2 ,.. .,£„_! = /x'*O p2 (l) - - 
-Sn = E' n+1 , ... ,E r = E' r+1 . 
Then, L can be written as 

n — 1 n — 1 

L = //*0 P 2(fe - ^ a) - (-a + b - ^ Ci)E[ 

i=l i=l 

~ (a - ci)i?2 (a - Cn-i)E' n - CnE' n+1 c r E' r+1 

n—l n— 1 

= C(6 - 2J c,; -a+ 6 - 2J Cj,a - ci, . . . ,a - c n _i, c„, . . . , c r ) 

i=l i=l 

Put "a*' := (b-J2i=i Ci'i- a + b-J27=i (k,a-ci, . . . ,a-c n -i,c n , . . . ,c r ) € Z r+2 . 
Then it is easy to see that 

A{L) = A M7f/ (^'),-Bx(i) = BNwtf')- 
So, we can get the similar formula of e(L, a;) for this X as in the case of blown-up 
P 2 's. 

Next, consider the case r < n — 2. In this case, L-candidate (— l)-class on X(x) 
is v*f — E x where v x := /1 o jj, x and £ x := /i^ (%)■ And, for to > 2, i-candidatc 
(— m)-classes on X(x) are the classes of the strict transform of (— m + l)-curves on 
X through x. Therefore, 

e(L, x) = min{6, min{L • E; E C X : irreducible curve, E 2 < —1, x € 

Note that E in the second term is the strict transform of a fiber or the minimal 
section on F„ or the irreducible component of some Ei . 

3.4. Corollaries. Let X be a blown-up P 2 as in Section ITTTl 

Corollary 3.7. 

'Sa-EU* (^9,ES^r>3) 
( a ) {otherwise) 



c gcn 



Proof. dimZ = is well known. For 6 S | — i^xl and (a; (3) S * r +i, we can see 
that fl A( Q;/ 3) is a finite set. Therefore dim A( Q:( g) < 1. And the union of all 
(— m)-curves (Vto > 1) are not the whole X. So we get the result by Theorem 
IPl □ 



In particular, we get the following. 

Corollary 3.8. Let X be a rational surface such that dim | — Kx\ > 1 and —Kx 
is nef. Put r := 9 — K x . Then, 

where a r is the number defined in Remark ] 3. 9[ 



10 



TARO SANO 




Remark 3.9 ( [6]). If /i : X = X r +i — ► P 2 is the blow-up at general r points, then 

e gcn( — Kx) = 

We put a r := e gcn (-^x r+1 )(f = 1,...,8). 

Remark 3.10. Let X be a smooth projective variety and fix an ample line bundle 
Lonl. Put 

R L ■= {x £ X; e(L, x) < e gcn (L)}, 

then Rl is a countable union of closed subsets. The following question seems 
interesting for me. 

Problem 3.11. Is there an ample line bundle L such that Rl is not Zariski closed? 

Let X be a blown-up P 2 such that dim | — Kx\ > L Fix L. We have infinitely 
many closed sets A( Q;/3 ) where e(L, x) may drop down. But, in fact, e(L, x) drop 
down properly on finite of these. For L such that Yli=i ^ 3, we see that {(a; /3) € 
^ r+ i; P(a; 6) G Neg( a;/3 )} is a finite set by arguments similar to Lemma IX4T 1 ) . For 
L such that X)I=i ^- = 3, we see that {(a; /3) e ^ r +ij P( a ; b) € Neg/ a;/3 )} is a finite 
set by arguments similar to Lemma I3.4f 2). If there are infinitely many (— 2)-curves 
on X, the same reasoning works. So, D(L) :— {x S X;e(L,a;) < e gcn (L)} is a 
closed set. 

4. Seshadri constants and singularities of log del Pezzo surfaces 

Seshadri constants have lower semicontinuity with respect to deformation in the 
following sense. 

Proposition 4.1. Let f : X — > T be a flat projective morphism of algebraic vari- 
eties, s : T — > X be a section of f i.e. f o s — idx and £ be a f -ample invertible 
sheaf on X. Assume f is smooth along s(T). Then, 

££, s : T ct -> M> ; t h-> e(C\f-i(t),s(t)) 

is a lower semicontinuous function. Here T c t — T as a set and the topology ofT c t is 
determined by the rule that the closed subsets ofT ct are countable unions of Zariski 
closed subsets ofT. 

Now, let X be a log del Pezzo surface which has Q-Gorenstein smoothing i.e. 
there is a flat projective morphism / : X — > T 3 such that — Kx it is Q-Cartier, 
/-ample, Xq ~ X, and X t (t ^ 0) are smooth. Then, by Proposition 14. 11 we have 

e g cn(--FOt ) < e gen (-K Xt ). 
The following question is the main subject of this section. 
Problem 4.2. Determine X such that equality holds in the above inequality. 

Remark 4.3. It is known that, for log del Pezzo surfaces X, X have Q-Gorenstein 
smoothing if and only if X has only T-singularities, i.e. X has only Du Val singu- 
larities or cyclic quotient singularities of type dna — 1) for some d,n,a £ Z>o 
such that (a,n) = 1. For detail, see [TU] , 
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We answer problem 14.21 when 4 < K x < 9. In these cases, we don't need the 
assumption that X has only T-singularities. 

Theorem 4.4. (1) Let X be a log del Pezzo surface such that K x = 9. Then, 
the following are equivalent; 

(a) e gcn {~K x ) = 3. 

(b) X ~ P 2 . 

(2) Let X be a log del Pezzo surface such that K x — 4,5,6,7,8. Then, the 
following are equivalent; 

(a) e gon (-A x ) = 2. 

(b) X has only canonical singularities or X ~ Z(k\, . . . , k m ) where (k\, . . . , k m ) = 
(1, 1, 1, 1, 1), (2, 1, 1, 1), (3, 1, 1), (2, 2, 1), (3, 2), (4, 1), or(5). 

Z(k±, . . . , k m ) is the log del Pezzo surface constructed as follows; Let z\, . . . , z m G 
I C P 2 be the distinct points on a line I . Let 

Y(h, . . . ,k m ) = Y 6 % Y 5 -» • • ■ ^ Yi = P 2 

be the composition of blow-ups <pi at some yi £ Yi which we define as follows. 
We can write i = ki + • — h fc m < + k(i) for some < m! < m — 1 and some 
< fc(i) < k rn i + i. Then yi is the strict transform of z m i + \ if k(i) = 1, 
and yi — I n 4^_i{yi-x) otherwise. Y(kx,...,k m ) — > Z(ki,...,k m ) is a 
contraction of a (—4) -curve and {—2)-curves. 

Proof. Let ^ : y — > X be the minimal resolution of X. We can write 

fe 

A> = ^* A x - a * F * (° ^ < X ) 
i=l 

where ^ _1 (Sing A) = |Ji=i Fi i s the irreducible decomposition. Then e gcn (— Ax) = 

e g en(--Ky - Z)i=i a ^) = e {-Ky - Z)i=i a i F iiV) where y € y is in very general 
position. 

Suppose X has only canonical singularities. Since a, = 0(Vi), we have e gcn (— Ax) = 
£ gcn(— Ky) = 2 by Corollary 13.81 Suppose X — Z(ki, . . . , k m ). We can compute 
e sen (-K x ) = 2 by Theorem[LS Thus (b) implies (a) both in (1),(2). 

Suppose X has a non-canonical singularity. And suppose K x = 4, 5, 6, 7, 8. 
Casel) Suppose Y has a birational morphism 

X :y,r r+1 ^/^...y 2 ^ 1= p 2 

where is the blow up at yi G Yi and we put \i := Pi ° ' ' ' ° Pn = Xi~ 

Define a^^P G Z by = x*Op2(a (i) ) - ELi/ 3 ? 3 -^- Assume that there 
exists F jo such that < -3 and a<j°) > 2, then > /3| io) (V«). Let C P 2 
be the line through x(y)i Vl £ ^ 2 an( i My) CFbe its strict transform. Then, since 
Fj ■ l\[y) > 0, a,j > and h(y) is nef, we get 

k k 

(-Ay - ^ Oi-Fi) ■ = 2 - ^ a * F * ' My) < 2 > 

i=l i=l 

and so e gcn (— Ax) < 2. 

Next, assume that there exists Fj such that Fj Q < — 3 and at" ' — 0. We can 
assume that y% , . . . , y s (s < r) are distinct points on P 2 which are not infinitely near 
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each other. Let E[ C Y be the strict transform of p~ (yi). Then it can be shown 
that there exists Fj 1 such that a.j 1 > 0, a^ 1 ^ = and Fj 1 is the strict transform 
of some E\ (1 < 3ij < s). Put ^(y) C P 2 be the line through y and y^ and 

iij (y) C Y be its strict transform. Then, similarly as above, we get 

k _ k _ 

{-K Y - J2 Oi-Fi) ' UM = 2 - aiFi ■ l h {y) < 0, 

i=l i=l 

and so e gen (— Kx) < 2. 

Finally, assume that all Fj such that F_ 2 < —3 satisfies a"' = 1. If Fj satisfies 

/^i = then there is only one Fj such that Fj < —3. We can assume j = 1. 

Then, ak') = 0(Vj 7^ 1). In this case, Fj = -2, Fj • F = 0(Vj 7^ 1). Then Ff = -4 
and r — 5 because i^"^- G Z. Therefore, we can see that Y is one of Y(k\, . . . , fc rn ). If 
there is an i such that (3^ = 0, then we can assume that E[ is one of the Fy (j' 7^ j) 
and ay > 0. Then we can show e getl (— Kx) < 2 by the similar method as above 

using h{y). 

Case 2) Otherwise Y has a birational morphism x : Y — > F n for some n > 3. We 
can assume that Fi is the strict transform of the minimal section Xq and so a\ > 0. 
Then egcnt-FJy-E^F) < (-ify-E^i)-/**/ < 2~ a^* X ■ n* f = 2~ ai < 2 
where / € Pic F„ is the class of a fiber of F n — > P 1 . Thus (a) implies (b) when 
^1 = 4,5,6,7,8. 

When K x = 9, it is easy to see that e gon (— Kx) < 3. □ 

Remark 4.5. Consider Problem 14.21 in the case K\ = 3. There exists a log del 
Pezzo surface X such that K x = 3 and £ gC n{—Kx) > §• This X has a non-T- 
singularity. So we can't give a proposition like Theorem 14.41 without an assumption 
of T-singularity when K x — 3. We found some log del Pezzo surfaces X with only 
T-singularities such that K x = 3 and e gC n(~ Kx) = §• But we think there are few 
such X. 

5. Higher order embeddings of del Pezzo surfaces 

We start this section by reviewing notions of higher order embedding. Let X be 
a smooth projective variety, L be an ample divisor on X and k € Z> . 

Definition 5.1. L is said to be fc-very ample if given any 0-dimensional subscheme 
(Z, O z ) of X with h°(Z, O z ) = k + 1, the restriction map H°(X, L) -► H°(X, L ® 
O^) is surjective. 

Let Z — {xi, . . . ,x r } be a finite collection of distinct points on X. L is said to 
be fc-jet ample on Z if for any r-tuple of positive integers (fci, . . . , k r ), such that 
Ei=i ki = k + 1 the map: 

L) H° (X, L <g> (O x /(m*i ® • • • ® m^;))) 

is surjective. L is said to be fc-jet ample on X if it is fc-jet ample on each such Z 
in X. 

We introduce the following invariants associated to X and L; Put 
v(L) := minjfc G Z>o; i is not fc-very ample} — 1, 
j(F) := minjfc € Z>o; i is not fc-jet ample} — 1. 
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Seshadri constants have relation with generation of jets of ample line bundles in 
the following sense. 

Lemma 5.2. Let X be a smooth projective variety and L be an ample divisor. For 
any x G X , put 

s(L,x) := max{s € Z;H°(X,L) -> H° (X,L® (O x /m s x +1 )) ts surjectwe}. 
Then, we have the following. 

(1) Let L\,L 2 be ample divisors on X. Then, 

s{L 1 + L 2 ,x) > s(L 1 ,x) + s(L 2 ,x), j(L 1 +L 2 ) > j (L x ) + j (L 2 ) . 

» . , r , s(mL,x) ,. j(mL) 

(2) e(L,z) = Um e min L) > lim ^ i. 

m— >oo 777. m^oo 777 

Proo/. (l)See [5]Lemma2.2. 

(2)See [12]. □ 

From this lemma, we have the following criterion for non fc-jet ample divisors; 

emin(i) < k =>• L is not A;-jet ample. 

Our concern in this section is the following; 

Problem 5.3. Determine the k-very ample divisors L which are not k-jet ample 
on a del Pezzo surface X i.e. L such that j(L) < v(L). 

We can't give a complete answer to this question. But we can give a partial 
answer by using Seshadri constants. Note that an ample line bundle L such that 
e m in(-k) < v(L) satisfies j(L) < v(L). 

Let X be a blown-up P 2 as in Section [TTT1 and assume that —Kx is ample. By 
the main result of [S], we have the following fact. 

Fact 5.4. [5j Let X be a del Pezzo surface as above and L = /i*0 P 2(a) — £< = i °iEi 
be an ample line bundle on X such that L is not proportional to —Kx- Then 

v(L) =rxdni aa- ^2 [3ibi; (a; /3i, f3 r ) € $ r j • 
By this fact, we get the following result which is a partial answer to Problem 

E53 



Theorem 5.5. Let X be a del Pezzo surface and L = pi*Op2(a) — 5Zi=i be an 
ample line bundle on X such that L is not proportional to —K x . 

(1) Suppose K\ > 3. Then e m i n (L) = v(L). 

(2) Suppose K\ = 1,2. Then the following are equivalent. 

(a) e min (L) = v(L) 

(b) >aa~ £1=1 PA (V(a; ft, . . . , /3 r ) € $ r ) 
Proof. By Theorem ll.6[ we have 

e mi „(L) = min ( aa ~ Pibi ■ (a; ft, ... , pV+i) € $r+i U *,+i U {(3; 1, . . . , 1, 2)} C U 

I Pr+l 

(q;/?1) _ _ _ ( M e ^ u {(3 . ^ ( ^ 2)} c zr+2 

Pr+l 

where the term (3; 1, ... , 1, 2) is unnecessary when r < 6. 
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Suppose K\ > 3. Then r < 6 and (a; (3) £ "IV+i satisfies (3 r +i = 1 and so 
(a; /3i, . . . , /3 r ) £ $r- Therefore e min (i) = v(L) by Fact El 

Suppose r = 7. Then (a;0) £ * 8 such that fa > 2 is (3; 1, ... , 1, 2) £ Z 9 . 
Therefore 



y(L) = min < min <ao-^ (a; . . • , (3 r ) £ $ r 



3a - ELi &• 



k k »=i ^ ) 

So we get the result by Fact 15.41 

Suppose r = 8. Note that (a; /3i, . . . , /3 9 ) € such that (3g > 2 satisfies that 
(a';^,...,/3 9 ) := (a;/3 x , /%) - (/3 9 - 1)(3; 1, 1) = (a-3/3 9 + 3;/? 1 -/3 9 + 
1, . . . ,/?s — /3g + 1) 1) £ Z 10 is also contained in ^/ 9 . This (a'; . . . , 1) satisfies 



y+i 



i=l 

So the terms (a; /3i, . . . , /3 9 ) £ \I/ 9 such that /3 9 > 2 are unnecessary in the equality 
on the top and we get 



min \ min lao-^] fabf, (a; . . . , j3 r ) £ $ r > , — — - 



So we get the result by Fact 15.41 □ 
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